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Abstract: A general force perturbation -based criterion for solid instability is proposed, 
which can predict instability including crease without priori knowledge of instability 
configuration. The crease instability is analyzed in detail, we found that the occurrence 
of solid instability does not always correspond to the non-positive definiteness of global 
stiffness matrix. An element stiffness-based criterion based on material stiffness is 
proposed as a stronger criterion in order to fast determine the occurrence of instability. 
This criterion has been shown to degenerate into the criterion for judging instability of 
certain known phenomena, such as necking and shear band phenomena. Besides, 
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instability in strongly anisotropic materials is also predicted by the element stiffness-
based criterion. 
 
The aim is to develop a more unified theoretical foundation to understand various forms 
of material instability as well as provide guidelines for the design and fabrication of 
next generation material systems with built-in instability mechanisms. 
Keywords: material instability, crease, soft material. 
 
1. Introduction 
Understanding instabilities in solids is important for a large variety of emerging 
applications, such as buckled ribbons in flexible electronics (Rogers et al., 2010), 
tunable morphologies in wrinkled surfaces (Zeng et al., 2017; Zong et al., 2016), pattern 
transformations in phononic metamaterials (Mullin et al., 2007; Rudykh and Boyce, 
2014; Wang et al., 2013), and crease-induced fatigue in soft robotics (Hao et al., 2018; 
Trivedi et al., 2008). Despite the broad interest in the subject, some intriguing instability 
phenomena, such as the formation of creases in soft materials (Fig. 1d), are still 
understood at a cursory level. 
Previous studies on solid instability have often been conducted via case-by-case 
analysis of specific phenomena. Relevant literature goes back to as far as Considère 
(1885), in which the maximum load associated with the onset of necking in a tensile 
bar was investigated from an experimental perspective. Hill (1962) and Rice (1976) 
proposed an acoustic-tensor-based criterion for shear band formation in a compressed 
solid. Although numerous elegant studies have been conducted on specific cases of 
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instability (Bazant and Belytschko, 1985; De Borst et al., 1993; Hadamard, 1903; 
Santisi d’Avila et al., 2016; Triantafyllidis and Aifantis, 1986), a general criterion that 
integrates various seemingly different phenomena could foster further understanding 
and explorations in this field. 
 
Fig. 1. Various instability phenomena. (a) Structural instabilities: wrinkled shells on substrates 
(Yang et al., 2018) and buckled ribbons in flexible electronic devices (Rogers et al., 2010); (b) shear 
band in compressed nanocrystalline Fe (Wei et al., 2002); (c) necking of polyethylene terephthalate 
(PET) under tension (G’Sell et al., 2002); and (d) crease in a compressed starch gel (Hong et al., 
2009). 
 
2. A general criterion for solid instability 
Stability implies the resistance of a system against perturbation. A general criterion 
for solid instability in terms of energy perturbation can be given as follows. 
Energy perturbation -based criterion for solid instability（criterion 0）： 
A solid system is in unstable state when it deviates from its current state upon 
application of an infinitesimal energy perturbation and does not return to its 
original state after removal of the perturbation. Otherwise, the solid system is in 
stable. 
Criterion 0 has clear physical meaning therefore, it can be employed theoretically 
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to investigate various instability phenomena. However, the direct application of this 
criterion through FEM analysis is a challenging task. Therefore, we propose to employ 
an infinitesimal perturbation force on the solid system in order to realize the 
infinitesimal energy perturbation. To determine the solid instability through force 
perturbation, we have the following criterion. 
Force perturbation -based criterion for solid instability（criterion 1）： 
A solid system is in unstable state, when the application of an infinitesimal 
perturbation force  f  (not necessarily a concentrated force) at equilibrium state 
leads to a finite perturbation displacementu .  
 
Remark1：It is important to note that Criterion 1 is equivalent to Criterion 0, but it 
easily be applied for various instability problems. Moreover, Criterion 1 does not 
require any prior knowledge about the instability configuration, which also shows its 
applicability for stability analysis.  
 
Crease analysis through force-based instability criterion 
 To demonstrate the validity of criterion 1, we consider a challenging instability 
problem of crease in a soft material. Crease is a sharp self-contacting fold, which is 
developed on the free surface of a soft material at a critical strain. Crease has attracted 
tremendous interest from different scientific communities because it emerges as 
physical phenomena in diverse range of problems such as crease-induced fatigue in soft 
robotics (Hao et al., 2018), sulci in biological tissues (Ciarletta et al., 2014; Dervaux et 
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al., 2011; Welker, 1990) and tunable devices (Chen et al., 2014; Kim et al., 2010; Wang 
et al., 2011). Biot (1963) developed a theoretical formulation for instability in soft 
material and predicted that the critical strain for surface wrinkling is 45.6%  . It is 
interesting to note that the predicted critical strain remained unchallenged for more than 
thirty years. Later, Gent and Cho experimentally revealed that the instability in soft 
material occurs due to crease rather than the wrinkles. Furthermore, the critical strain 
due to crease is 35%  which is lower than the critical strain for wrinkling (Gent and 
Cho, 1999). Later, a large number of experimental and numerical studies validated that 
the critical strain for surface instability is approximately 35%  (Ghatak and Das, 2007; 
Hohlfeld, 2013; Hong et al., 2009; Tang et al., 2017; Wong et al., 2010). It is important 
to note that crease and wrinkle are two distinct bifurcation modes (Hohlfeld and 
Mahadevan, 2011, 2012), but the crease nucleation has not been investigated 
comprehensively yet. This is due to the fact that the initial assumption of post-instability 
configurations in previous studies encounters many challenges pertinent to the 
geometric singularity and the self-contact of a crease (Cao and Hutchinson, 2012; 
Ciarletta, 2018; Diab et al., 2013; Fu and Ciarletta, 2015; Mora et al., 2011).  
In the following, we employ criterion 1 and predict the crease instability without 
using any assumption of instability configuration. 
 
Fig.2. Plane-Strain FEM model 
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We first consider a material with neo-hooken energy density function: 
                 210 1 1( ) 3 1C I JD    C                        (1) 
where TC F F   is the right Cauchy-Green deformation tensor,  detJ  F  is the 
Jacobian of deformation tensor and 1I  is the trace of C  , 
2
3
1 1I J I
  .Note that the 
incompressibility limit results in zero value of D . 
A solid with height H  and length 2H  is subjected to horizontal compressive 
strain   under the plane strain condition and is shown in Fig. 2. The figure shows that 
the perturbation of concentrated force f  is applied to the upper surface. In this study, 
we employ finite element software ABAQUS6.14 and compute the perturbation 
displacement u  by using with quadrilateral linear element CPE4RH. In order to 
capture the instability phenomena, we employ a high-density mesh of element size d  
near the perturbation region as shown in Fig.3a. Figure 3b shows the perturbation force 
f  versus the mesh size d  for a given perturbation displacement 0.02u H  . It can 
be seen from Fig. 3b that the perturbation force decreases with the decrease in element 
size and becomes constant when the element size is / 0.004d H  . Since finite element 
model is more rigid than the real solid material, the larger elements can overestimate 
the perturbation force. It is important to note that the instability is sensitive to the mode 
of nonlinear deformation, therefore the dense mesh is recommended to capture the 
instability phenomenon completely. Although some researchers claimed the existence 
wrinkle instability instead of crease instability for small perturbation (Wong et al. 2010), 
but the low-density mesh may cause some inaccuracies in capturing the instability 
phenomena. 
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We first obtain the convergence of perturbation force and identify the mesh density 
for stability analysis. We then compute the compliance  S    by using the 
 
0
lim
f
uS
f
   . Figure 4a shows the effect of change in perturbation force on 
perturbation displacement for several strain cases. We compute the compliance for these 
strain cases and plot them in Fig. 4b. It can be seen from Fig. 4b that the perturbation 
compliance approaches to infinity when the compression strain becomes equal to35% . 
These findings through FEM analysis for plane strain condition are in good agreement 
with previous studies. Figure 4c shows the crease and the upper surface self-contact 
phenomena in the deformed configuration at critical compression strain. On the other 
hand, Fig. 4d demonstrates the non-existence of instability in the deformed 
configuration at zero compression strain. 
 
 (a)  (b)  
Fig.3. (a) Finite element mesh. (b) Force-element size curve under plane-strain compression. 
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 (a)  (b)  
(c) (d)  
Fig. 4. (a) Force-displacement curve under several plane-strain compression. (b) Compliance-
strain curve under plane-strain compression. (c) Post-instability configuration for 36%   . (d) 
Deformed configuration for 0   
 
Remark 2：The occurrence of solid instability does not always correspond to the 
non-positive definiteness of global stiffness matrix.  
To demonstrate the validity of remark 2, we remove the perturbation force and simulate 
the same problem by using the compression strain only. Here we employ neo-hooken 
energy density function for solid material and investigate various mesh density cases. 
It is interesting to note that the application of 40% strain even for dense mesh does not 
generate any crease in solid material. Figure 5 shows the deformed configurations with 
40% strain for several mesh density cases. All cases are deformed uniformly and we 
did not observe the crease phenomena. Furthermore, the corresponding global stiffness 
matrix within this compression strain range is always positive definite. The non-
positive definiteness of global stiffness matrix was explicitly or implicitly adopted as 
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stability criteria in previous simulations or theoretical analyses (Biot, 1963). However, 
the present results shows that the non-positive definiteness of global stiffness matrix is 
not a reliable criterion to identify instability,  
A global stiffness matrix is obtained by smooth perturbation displacement field, 
which implicitly requires 1 u , 1 
u
x
. However, the material point near the 
sharp folding region has a large rotation so 1
 
u
x
 is not satisfied for crease 
phenomena. Therefore, the perturbed displacement field for crease cannot be reflected 
in the searching space of a traditional global stiffness matrix. However, the proposed 
force-perturbation- -based criterion has no limitation on the magnitude of 


u
x
, so it 
has wider applicability. 
 
Fig.5. Deformation configurations under different mesh densities 
Remark3: When the global stiffness matrix is semi-positive definite, a group of 
infinitesimal perturbation forces can be found to lead to a finite displacement. Therefore, 
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the global-stiffness-matrix criterion is a special case of force-perturbation- based 
criterion as shown in Fig.6. 
 
Fig. 6. The relationship between the compliance-based criterion, the global stiffness-based criterion, 
and the material stiffness-based criterion. 
For criterion 1, various perturbation force loadings are needed to identify the 
instability. To improve the efficiency of process, a small force perturbation can be 
applied to each node of the finite element model. In this case, some nodes have small 
displacement, while the relatively low stable nodes have a large displacement, thus the 
instability phenomenon can easily be captured.  
 
3．A stronger criterion for fast determining material instability 
Criterion 1 is a universal criterion, which can cover various instability phenomena, 
but it is a large workload. The positive definiteness of the global stiffness can also be 
used to determine the occurrence of some instability phenomena, but takes a lot of work 
to judge whether the global stiffness matrix is positive definite or not. Therefore, for 
some simple instability phenomena, we want to quickly determine the occurrence of 
instability through the energy changes of local infinitesimal elements.  
Consider a region V  of uniform deformation with a deformation gradient F , as 
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shown in Fig. 6. We investigate whether there exists some perturbation F  within a 
subregion 0V  to lower the energy. For a hyperelastic solid, the change in strain energy 
density   around the equilibrium state F  can be expressed in terms of a Taylor 
expansion as 
 
2
3
3
( ) 1 ( ): : : (| | )
2
1     : : : (| | )
2
O
O
     
   
     
  
F F
F
F FF F F F
F F F
PP F F F F
F
  (2) 
where P  is the first Piola-Kirchhoff stress. 
 
Fig. 7. Schematic of a uniformly deformed solid with a virtual perturbation F  inside a subregion 
0V  bounded by 0 , 0n  being the unit normal to 0 . 
    Since the displacement outside the subregion 0V  remains unchanged during the 
perturbation, the work from external forces is zero, and the global energy change inside 
the subregion 0V  can be expressed as 
 
0 0
31: : : (| | )
2tot V V
U dV dV O        F
PP F F F F
F
  (3) 
The first term in Eq. (3) vanishes due to the following relation: 
  
0 0
0 0
0
: : ( )
                        : :
V V
V
dV dV
dV d
 
 


    
 
 
P F P F
P u P un 0
  (4) 
where 0n   is the unit normal to the boundary 0   and u   is the displacement 
associated with the perturbation, which is zero at 0 . 
Therefore, the energy change in Eq. (3) becomes 
F
F F 0V
0
0n
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0
31 : : (| | )
2tot V
U dV O     F
PF F F
F
  (5) 
Note that the deformations near both sides of the instability region interface should 
satisfy the continuity condition 
 ( ) i i   F F e F e   (6) 
Here, ie  are noncollinear unit tangent vectors along the interface, where 1,2i   for 
three-dimension deformations and 1i   for two-dimension deformations. We refer to 
a perturbation CF  satisfying Eq. (6) as a compatible perturbation. According to the 
energy change, we then arrive at the following criterion. 
Element stiffness-based criterion (Criterion 2): 
Material instability occurs if there exists some compatible deformation 
perturbation CF   that renders : :C C 
PF F
F
  negative; otherwise, uniform 
deformation prevails. 
Remark 6. Although the above derivation is based on the assumption of a hyperelastic 
solid, criterion 2 is also applicable to nonelastic solids, as long as one replaces the 
change in the strain energy with the change in the work of internal forces, which is 
given by 
 
0 0
31: : : (| | )
2tot V V
W dV dV O        F
PP F F F F
F
  (7) 
Remark 7. The above derivation is based on the Taylor expansion of the energy change 
with respect to F  . If an alternative strain measure (n)E   (e.g., the Green strain 
 (1) / 2T  E F F I ) is adopted, the total energy change can be expressed as 
 
0 0
(n)
(n) (n) (n) (n) (n) 3
(n)
1: : : (| | )
2tot V V
U dV dV O        E
TT E E E E
E
  (8) 
13 
 
where (n)T  is the work-conjugate stress measure of (n)E  . The term 
0
(n)
V
dV E  is 
usually nonzero due to the generally nonlinear relation between (n)E  and u . In this 
case, the corresponding expression can be obtained via the chain rule as 
 
(n) (n) (n) 2 (n)
(n)
(n): : :
          
P E T E ET
F F E F F F
  (9) 
where the first term determines the material tangent stiffness and the second term the 
geometric stiffness. For simplicity, we focus on the 
P
F
-based criterion. 
Remark 8. In the preceding derivation, the reference configuration is not limited to a 
stress-free state, suggesting that the 
P
F
-based criterion should remain applicable for 
any reference configuration. For the same current configuration x  , we adopt two 
different reference configurations, (A)X   and (B)X   to investigate the proposed 
criterion. The deformation gradients associated with these two reference configurations 
can be expressed as 
 (A) (B)
(A) (B)
,      
x xF F
X X
  (10) 
The deformation gradient and Jacobian between the two reference configurations are 
 (B) ( )(BA) ( )
(A) ( )
,   det BBA
A
J
        
X X
F
X X
  (11) 
where (BA)F  is a positive definite 3 3  matrix, so that (BA) 0J  . 
If the perturbation (A)F   in the reference configuration (A)X   satisfies 
compatible condition, i.e., ( ) (A)A  F e 0 , the corresponding perturbation (B)F  in the 
reference configuration (B)X  should satisfy 
 (B) (B) (B) (BA) (A) (A) (A)        F e F F e F e 0   (12) 
i.e., (B)F  also satisfies the compatible condition. 
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The PK-1 stresses in the two reference configurations are related as 
 (B)(BA) (B) (A)
(A)
J
 
X
P P
X
  (13) 
Therefore, according to Eqs. (10), (11), (12) and (13), under the same compatible 
perturbation, the energy change under two reference configurations (A)X  and (B)X  
should satisfy the following transformation, 
 
( ) ( ) T
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )
( )
( ) ( ) ( )
( )
: : : :
                               : :
A A
A A B BA BA B
A A
B
BA B B
B
J
   
 
    
 
P P
F F F F F F
F F
P
F F
F
  (14) 
The above relation indicates that the signs of energy change under different reference 
configurations are consistent because (BA) 0J  . If the current configuration is taken as 
the reference configuration, the results of 
P
F
 under initial and current configurations 
are related as: 
 
( ) (0)
1
( ) (0)
t
T
t J
        
P PF F
F F
  (15) 
where the superscripts ‘t’ and ‘0’ denote the current and initial configurations, 
respectively. 
Remark 9. The onset of material instability cannot be determined by the positive 
definiteness of either 
(n)
(n)


T
E
 or 
P
F
, which might be confusing (Sun and Sacks, 2005). 
In fact, a material instability can occur under a positive definite 
(n)
(n)


T
E
 due to the 
geometric stiffness contributed by the stress, such as for the one-dimensional 
deformations discussed in Section. 3. On the other hand, the material may remain stable 
for a nonpositive definite 
P
F
 (with at least one negative eigenvalue). As an example, 
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

P
F
 will have negative eigenvalues if the sum of the two smallest principal Cauchy 
stresses is negative (see Appendix A for the proof). On the other hand, the magnitude 
of the stress could be reduced to a sufficiently low level to ensure material stability. 
Remark 10. Criterion 2 is used to judge the occurrence of instability based on local 
energy changes. In fact, it can be proved that criterion 2 is equivalent to the element 
stiffness matrix is not positive definite in finite element calculation.  
Prove: 
We can find a compatible deformation perturbation F  such that
: : 0PFij ijkl klF C F     
PF F
F
. Crease is a general instability phenomenon, which is 
independent of the selection of element type. For the convenience of derivation, we 
take linear triangular element as an example. For triangular element, its element 
stiffness matrix intK  can be derived from PF 
P C
F
: 
0
0 0=
int
int PF PFiI I K I K
iIkK ijkl ijkl
kK j l j l
f N N N NK C d A C
u X X X X
                         (16) 
We can find a set of displacements iIu  such that IiI ij
j
Nu F
X
    , then 
                       
int
0
0
: :
0
PFI K
iI ijkl kK
j l
PF
ij ijkl kl
N NA u C u
X X
A F C F
 
 
 
   
 
U K U
                 (17) 
This proves that criterion 2 is equivalent to the element stiffness matrix is not positive 
definite. Further, through matlab numerical verification, it is found that for the rigid 
body constrained element stiffness matrix and the global stiffness matrix composed of 
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the corresponding element stiffness matrix, when the element stiffness matrix is not 
positive definite, the global stiffness matrix is not positive definite. So criterion 2 is a 
convenient and stronger condition for judging instability. Therefore, the applicable 
scope of criterion 1, criterion 2 and the instability criterion based on the global stiffness 
matrix has the qualitative relationship shown in Fig.6 . 
 
3.1Comparison with existing theories 
For necking in a tensile bar, the proposed element stiffness-based criterion gives 
the following prediction for the onset of necking (Appendix B): 
 
 
(0)
(0) (0) (0)
11 11 max(0)
1111
( )
( ) ( ) ( )
11 11 11 11( )
1111
                0   
or   =0  
cr
Jt
t t T t
t
P F
dP F E F
d

  
      
            
 
  
P P P
F
P
F
  (18) 
which is just the classic Considère criterion (Considère, 1885). 
For shear band formation in an elastic-plastic solid, according to Eq. (9) and Rice’s 
assumption :SE T C E   (namely, the linear comparison solid) (Rice, 1976), 
P
F
 
can be expressed as 
 SEiI kK IJKL JL ik
iJkL
F F C T      
P
F
  (19) 
which degenerates to the acoustic tensor proposed by Hill and Rice (Hill, 1962; Rice, 
1976). 
Therefore, the proposed 
P
F
-based criterion provides an integrated criterion for two 
seemingly different classical phenomena (necking and shear banding). In addition, our 
derivation based on energy analysis is free from complexities associated with various 
objective stress rates (Bažant et al., 2012).  
3.2 Strong-anisotropy-induced material instability 
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After investigating material instability in isotropic materials, we turn our focus to 
highly anisotropic materials. Kink bands are commonly observed in fiber-reinforced 
polymers (FRP) subjected to compressive loading along the fiber direction, which is 
responsible for the relatively low compressive strength compared to the tensile strength 
(e.g., the compressive strength is 45.3% of the tensile strength for Toray 
T800S(www.toraycma.com 错误 !未找到引用源。 )) in FRPs. Kink-band-like 
instabilities also exist in highly anisotropic layered materials (Ren et al., 2016; Wadee 
et al., 2004; Guz et al., 2016; Pan et al., 2019). 
In contrast to previous studies, which focused on the microstructures and 
heterogeneity of composites (Budiansky, 1993; Soutis et al., 1995; Kyriakides et al., 
1995; Niu et al., 2000; Vogler et al., 2001; Merodio, 2002), in this section, we 
investigate the compression instability of homogenous solid with strong anisotropy via 
the proposed criterion 2(see Case II in Fig.8A). To take account of the realistic 
implications, we assume that the stiffness of Case II is the same as that of layered 
composite (see Case II in Fig.8A). Case I is composed of two isotropic elastic 
constituent phases: a hard phase (Young’s modulus hE , Poisson’s ratio h ) and a soft 
phase (Young’s modulus sE  , Poisson’s ratio s  ) with volume fractions hc  and sc  , 
respectively. The exact effective stiffness tensor D  of Case I was obtained (Liu et al. 
2009). When Case II with the same anisotropy as above is subjected to longitudinal 
compression, we obtain the critical condition for the kink band via the proposed 
criterion (Appendix D): 
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 
 
   
11 66
2
11 22 12 12 66
2
11 22 12 11 66
66 2 2
11 22 12 12 66 11 22 12 12 66
21 1
2
21
2 2
cr
cr
D D
D D D D D
D D D D DD
D D D D D D D D D D


   
    
       (20) 
If we neglect Poisson’s effect and assume that the modulus of the hard phase is much 
larger than that of the soft phase, our prediction for the critical stress can degenerate 
into the well-known Rosen’s estimate (Rosen, 1965) (Appendix D), i.e.,
 2 1 scr h
E
c
   . 
Therefore, we may predict kink-band-like material instability by considering only 
the strong anisotropy. In other words, strong anisotropy is a dominant factor for kink 
bands. Anisotropy can be quantitatively characterized by the energy-ratio-based 
anisotropy degree (Fang et al., 2019). Fig. 8B shows the variations in the critical strain 
and normalized compressive strength for kink bands with respect to the reciprocal of 
anisotropy degree. We can increase the anisotropy degree by increasing the modulus 
ratio of the hard and soft phases while keeping the other parameters unchanged 
( 0.6hc  , 0.2h   , 0.35s  ) (Sun et al., 2017). It can be found that the critical strain 
decreased with increasing anisotropy degree, indicating early instability even under a 
small compressive strain. By noting that material instability and an infinite anisotropy 
degree both imply the loss of positive definiteness of an energy landscape (Fang et al., 
2019), one can imagine that for strong anisotropy case, a finite but small perturbation 
(herein a compressive load) may trigger material instability. When the anisotropy 
degree is sufficiently large (A>10), the critical strain is almost linear with the reciprocal 
of the anisotropy degree, and the slope of the asymptote can be determined by the 
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intrinsic properties (Appendix D). Fig. 8B also shows that increasing the modulus of 
the hard phase alone contributes little to increases in the compressive strength. For 
example, increasing the modulus ratio /h sE E   from 50 to 100 increases the 
compressive strength by only approximately 2% (i.e., /cr sE  from 0.890 to 0.908), 
which accounts for the odd similarity in the compressive strength of T800S 
( 1.49cr GPa    , / 73.5h sE E   , Toray(www.toraycma.com)) and T300 
( 1.47cr GPa    , / 57.5h sE E   , Toray(www.toraycma.com)). Based on the above 
study, we suggest lowering the anisotropy of composites to avoid a premature kink band, 
such as improving the modulus of the matrix or adopting weaving arrangement of fibers. 
 
Fig. 8. (A)Schematic of a homogeneous solid under compression (Case II), which possesses the 
same strong anisotropy as that of layered composite (Case I). (B) Variations in the critical strain and 
normalized compressive strength for the kink band in Case II with respect to the reciprocal of the 
anisotropy degree. 
4. Conclusions 
This work is dedicated to establishing an integrated theoretical framework for solid 
instability with applications to a few elusive instability phenomena. The following 
conclusions can be drawn: 
(1) We have proposed a force-perturbation-based criterion for the onset of solid 
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instability, which has the widest applicability and can predict instability without priori 
knowledge of instability configuration.  
(2) The crease instability is analyzed in detail, we found that the occurrence of solid 
instability does not always correspond to the non-positive definiteness of global 
stiffness matrix. It is because a global stiffness matrix is obtained by smooth 
perturbation displacement fields, which implicitly require 1 u  , 1 
u
x
 . 
However, when a crease occurs, 1
 
u
x
 is not satisfied. But the proposed force-
perturbation-based criterion has no limitation on the magnitude of 


u
x
 , so it has 
wider applicability. 
(3) An element stiffness-based criterion is proposed in order to fast determine the 
occurrence of instability. This criterion has been shown to degenerate into the criterion 
for judging instability of certain known phenomena, such as necking and shear band 
phenomena. Besides, instability of strongly anisotropic materials is also predicted. For 
the instability of strongly anisotropic materials, the relationship between the critical 
strain and the reciprocal of the degree of anisotropy is approximately linear. Increasing 
the modulus of unidirectional reinforcement does not contribute much to the increase 
of longitudinal compressive strength. 
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Appendix A 
Here we prove that 
P
F
 will have negative eigenvalues if the sum of the two 
smallest principal Cauchy stresses is negative. To illustrate this point, without loss of 
generality, we take the current configuration as the reference configuration, with 
coordinate axes coinciding with the principal axes of Cauchy stress. The three principal 
stresses are denoted as 1  , 2  , and 3  , where 1 2 3     . Considering a 
hyperelastic material, we can write 
 
2   
P
F F F
  ( .1) 
where   is the energy density function. 
We introduce a deformation perturbation in the 1-2 plane as shown in Fig. A1, 
corresponding to 
 
0 0
0 0 ,  1
0 0 0


  
      
F   ( .2) 
The associated perturbation in the Green strain is 
 
2
2
0 0
1 0 0
2
0 0 0

 
      
E   ( .3) 
The change in the stored energy can be expressed in terms of the Green strain, 
  2 31: : :2 O          E E E EE E E   ( .4) 
Noting that all stress measures should be consistent under the current configuration, the 
work conjugate relation is given by 
 
1
2
3
0 0
0 0
0 0
 

        E
  ( .5) 
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Substituting Eqs. (A.5) and (A.3) into Eq. (A.4) yields 
 2 41 2
1 ( ) ( )
2
O         ( .6) 
According to Eq. (A.6), if the sum of the two smallest principal stresses is negative, i.e., 
1 2 0    , nonzero    will lead to negative   . This also implies that 
2
: : 
  F FF F  is negative since  F  . Therefore, 
2
 F F  possesses at least 
one negative eigenvalue if 1 2 0   . 
    Notably, when   is sufficiently small, the introduced perturbation F  is close 
to but not exactly equal to a rigid rotation. Therefore, the corresponding change in the 
energy density can be nonzero. 
 
Fig. A1. Schematic of the deformation perturbation applied in the 1-2 plane under the 
current configuration. 
 
Appendix B 
 Consider a constitutive relation in the form of (1) (1):SE T C E , where (1)T  is 
the second Piola-Kirchhoff stress. According to Eqs. (9) and (15), 
P
F
 under the 
current configuration can be expressed as: 

F
1
1
2
3
F F
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( )
1
( )
t
SE
iI jJ kK lL IJKL jl ikt J F F F F C    
P
F
  (A.1) 
The Kirchhoff stress   , Cauchy stress    and PK-II stress (1)T   satisfy the 
following mutual transformation: 
 (1) TJ   F T F    (A.2) 
According to the Lie derivative (or the convective rate) of Kirchhoff stress  , we 
have the following relation: 
  (1) 1
         =
T T T
v
T c
DL
Dt
 

       
    


F T F F F F F
L L
 
   
  (A.3) 
where L   is the velocity gradient tensor satisfying 1 L F F  . The rate-of-
deformation d   is defined as the symmetric part of L  , i.e., T( ) / 2 d L L  . 
Therefore, the time derivative of the Green strain (1)E  can be expressed as, 
 (1) T  E F d F   (A.4) 
The Truesdell rate of Cauchy stress gives 
 1 :T c TJ      C d    (A.5) 
According to Eqs. (B.5), (B.4) and (B.3), we obtain the following relation: 
 1T SEijkl iI jJ kK lL IJKLC J F F F F C    (A.6) 
Under uniaxial tension, the applied force can be related to lateral deformation: 
  (t)(t) (t) (t)11 11 11 11(t)
1111
TP F E F      
  P
F
  (A.7) 
where TE  satisfies the relation 11 11T TE d   . 
Assuming transverse isotropy, i.e., 1133 1122T TC C    and 3333 2222T TC C   , the lateral 
deformation can be expressed as follows: 
 221122 33 11
2222 2233
,  
T
T T
Cd d vd v
C C

        (A.8) 
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where v  is Poisson's ratio. 
According to the Truesdell rate of Cauchy stress 
 T T trace      L L d     , the uniaxial stress is given by 
  
11 11 1111 1122
11 11 11
,  2
,   1 2
T T T T T
J J T
E d E C vC
E d E E v
   
  

 
   
      (A.9) 
    Combining Eqs. (B.9) and (B.7), the critical condition for one-dimensional 
necking under the current configuration can be expressed as 
    (t)(t) (t) (t) (t)11 11 11 11 11 11(t)
1111
2 0T JP F E F E v F          
   P
F
  (A.10) 
For an incompressible material, i.e., 0.5v  , the corresponding critical condition 
transforms to 
 11 110  
J
T J dE E
d

   
          (A.11) 
which is the well-known Considère condition for one-dimensional necking. 
 
 
Appendix C 
Compressive instability in a homogeneous solid with strong anisotropy 
The exact effective stiffness tensor D  of the layered composite (Fig. 8A in the main 
text) is obtained based on the following two assumptions (www.toraycma.com): (i) the 
interfaces are perfectly bonded; (ii) the thickness of each layer is much smaller than the 
other two dimensions. The explicit components of the effective compliance tensor M  
under the plane-stress condition are as follows (www.toraycma.com): 
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 
 
   
 
   
11 12
1
22
66
2
11 2 2
12
22 2 2
12
66
0
0 ,  
2
,
1 1
1 1
,
ij
h s h s s hh s
h s h m h s s h s h
h s h s h s
h h s s
h h s s s h
h h s s h s
h s h s h s h h s s
h
h
M M
M
sym M
c c v E v Ec cM
E E v c E E v c E E
c c E E v v
M c E c E
c E v c E v
c v c v v vM
c v E c v E c E c E
c cM
G


      
     
        
    
 
M D M
s
sG
            (C.1) 
where c  denotes the volume fraction, E  denotes the Young’s modulus,   denotes 
the Poisson’s ratio, G  denotes the shear modulus satisfying  / 2 1G E   , and the 
subscripts h  and s  denote the hard and soft constituent phases, respectively. We 
adopt the Green strain E   to take into account the nonlinearity and assume the 
constitutive relation of Case II obeys :S D E  , 1 :
2
  S E  . Under the given 
longitudinal compressive deformation 22F  , the lateral deformation 11F   for the 
uniform state can be determined by the following equilibrium condition: 
                         
2211
0
FF
                              (C.2) 
Under the specific deformed state ( 11F  , 22F  ), the corresponding / P F  in matrix 
form can be expressed as 
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2 2 2 2
11 11 11 22 11 12 11 21
2 2 2
22 22 22 12 22 21
2 2
12 12 12 21
2
21 21
F F F F F F F F
F F F F F F
F F F F
sym
F F
   
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 

                                          
P
F
         (C.3) 
When / P F  loses its ellipticity, we obtain the critical condition for the kink band 
in Case II as follows: 
11 66
22 2
11 22 12 12 66
2
11 22 12 11 66
66 2 2
11 22 12 12 66 11 22 12 12 66
2              1 1 1,
( ) 2
( ) 21
( ) 2 ( ) 2
cr
cr
cr
D DF
D D D D D
D D D D DD
D D D D D D D D D D


     
    
           (C.4) 
(i)Degenerating into Rosen’s prediction 
If we neglect Poisson’s effect, the corresponding stiffness tensor D is as follows: 
             
1
1
0 0
0 0
0 0 2 2
h s
h s
h h s sij
h s
h s
c c
E E
D c E c E
c c
E E


                
         (C.5) 
According to Eq. (C.4), the corresponding compressive strength can be expressed as  
                  212
h s h s
cr
h s s h h s s h
E E E E
c E c E c E c E
                    (C.6) 
When the Young’s modulus of the hard phase is much larger than that of the soft phase, 
our prediction for the compressive strength can degenerate into the well-known Rosen’s 
estimate (6): 
                 1 scr h
G
c
   ,when h sE E                        (C.7) 
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(ii) Linear relation between the critical strain and reciprocal of the anisotropy degree 
When the anisotropy is sufficiently strong (herein h sE E  ), the components of 
stiffness tensor D  would be close to their corresponding asymptotic values, as shown 
hereafter: 
         
 
 
  
22
66
2
11 662 2
12 11 66 2
2 1
2 11
1 2 1
2 1
1 1
h h
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s s
ss s
s s s s s
s h h s s h sh h s s h s
s s s
D c E
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ED D
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c cc cD D D


   
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  

 
    
      
     (C.8) 
and the asymptotic value of the critical strain can be expressed as 
                          66
22
cr
D
D
                                (C.9) 
The anisotropy can be quantified via the following energy-ratio-based anisotropy 
degree (7): 
                 
(1) ( 2 )
(1) (1)
, , (2) (2)
1 ( ) ( )
2max 11 ( ) ( )
2
T
T
A
 
 
 
      

 
 R R
R D R
R D R
               (C.10) 
where R  is the rotation matrix of strain  . In this work, the anisotropy degree can 
be expressed as, 
 
max 2 max 2 max max max 2
11 1 22 2 12 1 2 66 12
min 2 min 2 min min min 2
11 1 22 2 12 1 2 66 12
( ) ( ) 2 ( ) 1
( ) ( ) 2 ( )
D D D DA
D D D D
    
    
        (C.11) 
where max  and min  are the normalized strain states ( 1 ) corresponding to the 
maximum and minimum energy, respectively. As shown in fig. C1, max  and min  
converge to a specific state ( max , min ) for sufficiently large anisotropy degree. Hence, 
the corresponding anisotropy degree is, 
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  
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    (C.12) 
According to Eq. (C.8), 22D   is much larger than 11D  , 12D   and 66D  , hence the 
asymptotic value of the anisotropy degree can be expressed as, 
 
max 2
2 22
2
min 2 min 2
12 2 662
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1( ) 2( )
1 2
s
s s
DA
v D
v v

 
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
    (C.13) 
Substituting Eq. (C.9) into (C.13), the critical strain is almost linear with the reciprocal 
of anisotropy degree when the anisotropy is sufficiently strong ( 10A  for this work), 
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Fig. C1. The variation of normalized strain components with respect to the energy-ratio-based 
anisotropy degree. 
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